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In this study, the vibration phenomenon during pulsed laser heating of a micro-beam is investigated. The beam is made
of silicon and is heated by a non-Gaussian laser beam with a pulse duration of 2 ps, which incites vibration due to the
thermoelastic damping eﬀect. The coupling between the temperature ﬁeld and stress ﬁeld induces energy dissipation
and converts mechanical energy into heat energy, which is irreversible. An analytical–numerical technique based on the
Laplace transform is used to calculate the vibration of the deﬂection and thermal moment. A general algorithm of the
inverse Laplace transform is developed. The validation of this algorithm is obtained through comparison with numerical
results obtained by the FEMLAB software package. The eﬀect of laser pulse energy absorption depth is studied. The size
eﬀect and the eﬀect of diﬀerent boundary conditions are also analyzed. Finally, the damping ratio and resonant frequency
shift ratio of beams due to the air damping eﬀect and the thermoelastic damping eﬀect are compared.
 2007 Elsevier Ltd. All rights reserved.
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Very rapid thermal processes, under the action of a thermal shock (e.g., ultra-short laser pulse) are inter-
esting from the standpoint of thermoelasticity, since they require an analysis of the coupled temperature and
deformation ﬁelds. This means that the temperature shock induces very rapid movements in the structure ele-
ments, thus causing the rise of very signiﬁcant inertial forces, and thereby, the rise of vibrations. Rapid
changeable contractions and the expansions in oscillatory movements generate temperature changes in the
material susceptible to diﬀusion owing to the heat conduction (Trajkovski and Cukic, 1999). This mechanism
has attracted considerable attention due to extensive application of pulsed laser technologies in material pro-
cessing and non-destructive detecting and characterization (Wang and Xu, 2001, 2002).0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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1994 Y. Sun et al. / International Journal of Solids and Structures 45 (2008) 1993–2013The so-called ultra-short lasers are those with pulse duration ranging from nanoseconds to femtoseconds in
general. In the case of ultra-short-pulsed laser heating, the high-intensity energy ﬂux and ultra-short duration
laser beam, have introduced situations where very large thermal gradients or an ultra-high heating speed may
exist on the boundaries. In such cases, as pointed out by many investigators, the classical Fourier model, which
leads to an inﬁnite propagation speed of the thermal energy, is no longer valid (Tang and Araki, 1996; Ozisik
and Tzou, 1994; Joseph and Preziosi, 1989; Tzou, 1997). The non-Fourier eﬀect of heat conduction takes into
account the eﬀect of mean free time (thermal relaxation time) in the energy carrier’s collision process, which can
eliminate this contradiction. By employing the L–S model (Lord and Shulman, 1967) with one relaxation time,
Sherief and Anwar (1986) have obtained the distributions of thermal stresses and temperature for a generalized
thermoelastic problem in which an inﬁnite elastic space was subjected to the inﬂuence of a continuous line
source of heat. The solution of the problem was obtained by applying the Hankel and Laplace integral trans-
forms successively. Anwar and Shrief (1988) have adopted the state space approach to solve one-dimensional
problems in generalized thermoelasticity using one relaxation time. The said technique was applied to a thermal
shock half-space problem and a layered medium problem. He et al. (2002) have solved a boundary value prob-
lem of one-dimensional semi-inﬁnite piezoelectric rod with the left boundary subjected to a sudden heat ﬂux
using the theory of generalized thermoelasticity with one relaxation time. Tang and Araki (1996) have consid-
ered transient heat conduction in a ﬁnite medium exposed to a pulsed surface heating using the generalized mac-
roscopic conduction model. Wang and Xu (2001) have studied the stress wave induced by nano-, pico-, and
femtosecond laser pulses in a semi-inﬁnite solid. The solution takes into account the non-Fourier eﬀect in heat
conduction and the coupling eﬀect between temperature and strain rate. It is known that characteristic elastic
waveforms are generated when a pulsed laser irradiates a metal surface. Point in case, McDonald (1990) has
studied the importance of thermal diﬀusion to the thermoelastic wave generation.
Laser-induced vibrations of micro-beam resonators have attracted considerable attention recently due to
their many important technological applications in Micro-Electro-Mechanical Systems (MEMS) and Nano-
Electro-Mechanical Systems (NMES). Many authors have studied the vibration and heat transfer process
of beams (Fang et al., 2007). The ﬁeld equations for coupled thermoelastic vibration of Rayleigh and Timo-
shenko beams have been derived by Jones (1966). Huniti et al. (2001) have investigated the thermally-induced
displacements and stresses of a rod using the Laplace transformation technique. Kidawa (1997, 2003) has
studied the problem of transverse vibrations of a beam induced by a mobile heat source. The analytical solu-
tion to the problem was obtained using the Green’s functions method (Beck et al., 1992). However, both Hun-
iti et al. and Kidawa did not consider the thermoelastic coupling eﬀect. Boley (1956) has analyzed the
vibrations of a simply supported rectangular beam subjected to a suddenly applied heat input distributed
along its span. In another paper, Boley and Barber (1957) have investigated thermally-induced ﬂexural vibra-
tion of a simply supported Bernoulli–Euler beam due to heat input to one edge of the span using the one-
dimensional heat conduction equation. Seibert and Rice (1973) have compared thermally-induced vibrations
of a simply supported beam with heat input to one edge for Bernoulli–Euler and Timoshenko beams when the
ﬁeld equations with one-dimensional heat conduction are thermoelastically coupled and uncoupled; and for
the uncoupled case of two-dimensional heat conduction. Manolis and Beskos (1980) have examined the ther-
mally-induced vibration of structures consisting of beams, exposed to rapid surface heating. They have also
studied the eﬀects of damping and axial loads on the structural response.
Laplace transform method is eﬃcient for solving partial diﬀerential equations (Magdy et al., 2004; Parissa
and Ali, 2004). The present research utilizes Laplace transform to suppress the dependence on time concerning
the transient response of beam under laser pulse. In the transformation domain, the boundary value problems
are solved. To invert the solutions to the physical domain, the inversion of Laplace transform must be made.
However, the expressions of the solutions are usually complicated and cannot be inverted analytically. As an
alternative, the numerical inversion is applied. Presently, over twenty methods have been developed for the
inversion (Zhao, 2004). Narayanan and Beskos (1982) have made a comparison study of these methods
and found that the best one of them is the Durbin’s method (Durbin, 1974). As Naraynan and Beskos tested,
the Durbin’s method can give reliable results in most cases. However, this method still suﬀers from one draw-
back for long time inversion. Namely, the inversion may become highly oscillatory or get away from the right
solution with the increase of time in some cases. Zhao (2004) has developed an accurate method for the inver-
sion, which overcomes the drawback of the Durbin’s method and can achieve more reliable inversion for long
Y. Sun et al. / International Journal of Solids and Structures 45 (2008) 1993–2013 1995time inversion. In this paper, we extend Zhao’s method and get a general algorithm of the inverse Laplace
transform.
Although many sources have studied the vibration induced by ultra-short-pulsed laser, it can be seen from
the above-mentioned papers that the eﬀect of diﬀerent boundary conditions and the size eﬀect of vibration of
microscale beam resonators by considering the thermoelastic coupling term have hardly been studied.
In the present study, a generalized solution for the coupled thermoelastic vibration of a microscale beam
resonator induced by pulsed laser heating is developed. A laser pulse with non-Gaussian temporal form is
applied to the upper surface of the beam at the beginning of time. An analytical–numerical technique based
on the Laplace transformation is used to calculate the vibration of the deﬂection and thermal moment. A gen-
eral algorithm of the inverse Laplace transform is developed. The eﬀect of laser pulse energy absorption depth
is studied. The size eﬀect and the eﬀect of diﬀerent boundary conditions are also analyzed.
2. Formulation of basic equations
Beams with rectangular cross sections are mostly employed in MEMS resonators. A micro-resonator can be
modeled as an elastic prism beam with either doubly clamped or simply supported ends. Here we consider
small ﬂexural deﬂections of a thin elastic beam with dimensions of length L (0 6 x 6 L), width
b (b/2 6 y 6 b/2) and thickness h (h/2 6 z 6 h/2), as is shown in Fig. 1. We deﬁne the x axis along the axis
of the beam and the y and z axes correspond to the width and thickness, respectively. In equilibrium, the beam
is unstrained and unstressed.L
b
h y
z
x
Fig. 1. Schematic illustration of the beam set-up.
1996 Y. Sun et al. / International Journal of Solids and Structures 45 (2008) 1993–2013The usual Euler–Bernoulli assumption is made so that any plane cross-section, initially perpendicular to the
axis of the beam, remains plane and perpendicular to the neutral surface during bending. Thus, the displace-
ments can be given byu ¼ z dw
dx
; v ¼ 0; wðx; y; z; tÞ ¼ wðx; tÞ: ð1ÞThus, the diﬀerential equation of the thermally-induced lateral vibration of the beam can be written in the fol-
lowing form (Sun et al., 2006):EI
o4w
ox4
þ qbh o
2w
ot2
þ EIaT o
2MT
ox2
¼ 0; ð2Þwhere E is Young’s modulus, I [= bh3/12] the inertial moment, q the density of the beam, aT the coeﬃcient of
linear thermal expansion, w the lateral deﬂection, x the distance along the length of the beam and t the time.
MT is the thermal moment, which is deﬁned asMT ¼ 12
h3
Z h=2
h=2
hðx; z; tÞzdz; ð3Þwhere h [=T  T0] is the temperature increment of the resonator, in which T(x,z, t) is the temperature distri-
bution and T0 the environmental temperature.
Consider a beam with initial temperature distribution T(x,z, 0) = T0, namely h(x,z, 0) = 0. From time t = 0
its upper surface (z = h/2) is irradiated uniformly by a laser pulse with non-Gaussian temporal proﬁle as
follows:LðtÞ ¼ L0t
t2p
exp  t
tp
 
; ð4Þwhere tp is the time duration of a laser pulse and L0 the laser intensity which is deﬁned as the total energy
carried by a laser pulse per unit cross section of the laser beam. In the present study, we take tp = 2 ps as
the time duration. The temporal proﬁle of L(t)/L0 with tp = 2 ps is shown in Fig. 2.
According to Tang and Araki (1999), the thermal conduction in the beam can be modeled as a one-dimen-
sional problem with an energy source Q(z, t),Fig. 2. Temporal proﬁle of L(t)/L0 (tp = 2 ps).
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d
exp
z h=2
d
 
LðtÞ ¼ Ra
d
L0t
t2p
exp
z h=2
d
 t
tp
 
; ð5Þwhere d is the absorptive depth of heating energy and Ra the absorptivity of the irradiated surface.
The non-Fourier thermal conduction equation containing the thermoelastic coupling term has the follow-
ing form, (Lord and Shulman, 1967; Tang and Araki, 1999)jr2hþ Qþ s0 oQot ¼ qcv
oh
ot
þ bT 0 oeot þ s0qcv
o2h
ot2
þ s0bT 0 o
2e
ot2
; ð6Þwhere cv is the speciﬁc heat at constant volume, s0 the thermal relaxation time, j the thermal conduc-
tivity, e [= o u/ox + ov/oy + ow/oz] the volumetric strain, and b = EaT/(1  2m), in which m is Poisson’s
ratio.
Substituting Eqs. (1) and (5) into Eq. (6) gives the thermal conduction equation for the beam,j
o2h
ox2
þ j o
2h
oz2
 cvq ohot þ T 0bz
o3w
ox2ot
 s0cvq o
2h
ot2
þ s0T 0bz o
4w
ox2ot2
þ Ra
d
L0
t2p
exp
z h=2
d
 
CðtÞ ¼ 0; ð7Þwhere C(t) = (s0 + (1  s0/tp)t)exp(t/tp).
Multiplying Eq. (7) by means of 12z/h3 and integrating it with respect to z from h/2 to h/2, yieldj
o2MT
ox2
þ j
Z h
2
h2
12
h3
o2h
oz2
zdz cvq oMTot þ T 0b
o3w
ox2ot
 s0cvq o
2MT
ot2
þ s0T 0b o
4w
ox2ot2
þ 6RaL0ad
h2t2p
CðtÞ ¼ 0; ð8Þwhere ad ¼ ð1þ2aÞþð12aÞeð1=aÞeð1=aÞ and a ¼ dh.
There is no heat ﬂow across the upper and lower surfaces of the beam, so that oh/oz = 0 at z = ±h/2. For a
very thin beam, assuming that the temperature increment varies in terms of a sin(pz) function along the thick-
ness direction, where p = p/h, givesMT ¼ 12
h3
Z h
2
h2
hzdz ¼ 12
h3p2
hjh=2h=2  z
oh
oz

h=2
h=2
" #
¼  1
p2
Z h
2
h2
12
h3
o2h
oz2
zdz; ð9Þnamely,Z h
2
h2
12
h3
o2h
oz2
zdz ¼ p2MT: ð10ÞSubstituting Eq. (10) into Eq. (8), leads toj
o2MT
ox2
 jp2MT  cvq oMTot þ T 0b
o3w
ox2ot
 s0cvq o
2MT
ot2
þ s0T 0b o
4w
ox2ot2
þ 6RaL0ad
h2t2p
CðtÞ ¼ 0: ð11ÞNow the governing equations for the coupled thermoelastic problem can be obtained as follows:EI o
4w
ox4 þ qbh o
2w
ot2 þ EIaT o
2MT
ox2 ¼ 0
j o
2MT
ox2  jp2MT  cvq oMTot þ T 0b o
3w
ox2ot  s0cvq o
2MT
ot2 þ s0T 0b o
4w
ox2ot2 þ 6RaL0adh2t2p CðtÞ ¼ 0
8<
: ð12ÞThe following dimensionless variables are introduced:n ¼ x
L
; s ¼ tt
L
; t ¼
ﬃﬃﬃ
E
q
s
; W ¼ w
L
; H ¼ aTLMT; ð13Þwhere W is the dimensionless deﬂection and H the dimensionless thermal moment.
1998 Y. Sun et al. / International Journal of Solids and Structures 45 (2008) 1993–2013Now, Eq. (12) is transformed into the following form:o4W
on4
þ A1 o2Wos2 þ o
2H
on2
¼ 0
o2H
on2
 A2H A3 oHos þ A4 o
3W
on2os
 A5 o2Hos2 þ A6 o
4W
on2os2
þ A7ð1þ A8sÞ expðA9sÞ ¼ 0
8<
: ð14ÞThe coeﬃcients in Eq. (14) areA1 ¼ 12L
2
h2
; A2 ¼ p2L2; A3 ¼ cvqtLj ; A4 ¼
aTT 0btL
j
; A5 ¼ s0cvEj ;
A6 ¼ s0aTT 0bEqj ; A7 ¼
6RaL0aTL3s0ad
jh2t2p
; A8 ¼ 1s0 
1
tp
 
L
t
; A9 ¼ Lttp :
ð15Þ3. Numerical inversion of Laplace transform
In this work, the governing equations are solved by taking the Laplace transform of Eq. (14) with respect to
the variable s.
3.1. Summary of Laplace transform and the inverse transform
Suppose that f(t) is a real function of t, with f(t) = 0 for t < 0. The Laplace transform of the function and its
inversion are deﬁned as follows:f ðsÞ ¼ L½f ðtÞ ¼
Z 1
0
estf ðtÞdt ð16Þandf ðtÞ ¼ 1
2pi
Z aþi1
ai1
f ðsÞ expðstÞds; ð17Þwhere s is the complex transform parameter and a is a real number greater than the real parts of all singular-
ities of f*(s).
When f*(s) becomes known, the inversion may be obtained with the theory of complex analysis. However,
the expression is usually complicated and the integral in Eq. (17) cannot be analytically evaluated. As an alter-
native, numerical inversion is applied.
Let s = a + i-, then we havef ð0Þ ¼ 1
p
Z 1
0
Re½f ðaþ i-Þd-; for t ¼ 0 ð18Þandf ðtÞ ¼ e
at
p
Z 1
0
fRe½f ðaþ i-Þ cosð-tÞ  Im½f ðaþ i-Þ sinð-tÞgd-; for t > 0: ð19ÞDurbin (1974) developed a method to calculate the above integrals numerically, which can be written asf ðtÞ  2e
at
T in
 1
2
Ref ðaÞ þ
X1
k¼0
Re f  aþ ik 2p
T in
  
cos k
2p
T in
t
 
 Im f  aþ ik 2p
T in
  
sin k
2p
T in
t
  	* +
:
ð20Þ
Eq. (20) is valid over the interval [0, Tin], and is formally equivalent to the application of the trapezoidal rule
to Eqs. (18) and (19), with the integration step being 2p/Tin.
For short time inversion, Durbin’s method always gives good results. However, the long time inversion with
the method may become highly oscillatory or even diverge from the correct solution. Recently, Zhao (2004)
Y. Sun et al. / International Journal of Solids and Structures 45 (2008) 1993–2013 1999developed a new method for the inversion, which overcomes the drawback of the Durbin’s method and can
achieve more reliable inversion than the Durbin’s method for long time inversion.
3.2. General algorithm of the inverse Laplace transform
We develop a general algorithm of the inverse Laplace transform. The algorithm is described in the
following.
Divide the integration interval into small sub-spaces, and denote the nodes with -k (k = 1,2, . . . ,1). Then,
the integrals in Eqs. (18) and (19) becomef ð0Þ ¼ 1
p
X1
k¼1
Z -kþ1
-k
Re½f ðaþ i-Þd-; for t ¼ 0 ð21Þandf ðtÞ ¼ expðatÞp
P1
k¼1
R -kþ1
-k
fRe½f ðaþ i-Þ cosð-tÞ  Im½f ðaþ i-Þ sinð-tÞgd- ; for t > 0: ð22ÞIf - 2 [-k,-k+1], let- ¼ 1 e
2
-k þ 1þ e
2
-kþ1; ð23Þthen the integration terms in Eqs. (21) and (22) change into the integrations with respect to the natural coor-
dinate e.
Fit f*(a + i-) in the interval [-k, -k+1] using the interpolating functions, namelyf ðaþ i-ðeÞÞ ¼
Xn
l¼1
NlðeÞf l ; ð24Þwhere f l ¼ f ðaþ i-ðelÞÞ, Nl (e) are the interpolating functions, and n the number of the interpolating
functions.
Then we haveZ -kþ1
-k
Re½f ðaþ i-Þd- ¼ D-k
2
Xn
l¼1
Reðf l ÞHl ð25Þand Z -kþ1
-k
fRe½f ðaþ i-Þ cosð-tÞ  Im½f ðaþ i-Þ sinð-tÞgd- ¼ D-k
2
Xn
l¼1
Reðf l ÞP lðtÞ 
Xn
l¼1
Imðf l ÞRlðtÞ
" #
:
ð26Þ
where,D-k ¼ -kþ1  -k; ð27Þ
Hl ¼
R 1
1 NlðeÞde;
P lðtÞ ¼
R 1
1 NlðeÞ cosð-ðeÞtÞde;
RlðtÞ ¼
R 1
1 NlðeÞ sinð-ðeÞtÞde:
ð28ÞGenerally speaking, the form of the interpolating function Nl (e) is simple (i.e., polynomial). Thus, Hl, Pl
and Rl can be obtained analytically. Finally we havef ð0Þ ¼ 1
p
X1
k¼1
D-k
2
Xn
l¼1
Reðf l ÞHl; for t ¼ 0 ð29Þ
2000 Y. Sun et al. / International Journal of Solids and Structures 45 (2008) 1993–2013andf ðtÞ ¼ expðatÞ
p
X1
k¼1
D-k
2
Xn
l¼1
Reðf kl ÞPkl 
Xn
l¼1
Imðf kl ÞRkl
 !
; for t > 0: ð30Þin which, the sequence (-1,-2, . . . ,-k, . . .) need not be equally spaced. When f*(a + i-) changes sharply, the
increment D-k can be selected smaller; on the other hand, it can be selected larger. Thus, less time is needed
for the calculation, and on the other hand, the precision is improved. In addition, this algorithm can achieve reli-
able inversion at any point and is not limited by the integration step, which also overcomes the restriction of the
Durbin’s method.
3.3. Expressions under linear interpolation
Diﬀerent forms of the interpolating functions Nl(e) lead to diﬀerent expressions of f(t) with diﬀerent preci-
sion. So we can choose proper interpolating functions according to the demanded precision and obtain the
corresponding inversion formulation. In this paper, we apply the linear interpolating functions to f*(a + i-)
and obtain the concrete expression of f(t).
Apply the linear interpolating functions to f*(a + i-) in the interval [-k,-k+1], namely n = 2, then we getf 1 ¼ f ðaþ i-kÞ; f 2 ¼ f ðaþ i-kþ1Þ; ð31Þ
N 1ðeÞ ¼ 1 e
2
; N 2ðeÞ ¼ 1þ e
2
: ð32ÞSubstitute Eqs. (31) and (32) into Eqs. (28)–(30), and after some derivation, we can getf ð0Þ ¼
X1
k¼1
ðF k þ F kþ1ÞD-k
2p
; for t ¼ 0 ð33Þandf ðtÞ ¼ expðatÞ
pt2
X1
k¼1
F kþ1  F k
D-k
ðcosð-kþ1tÞ  cosð-ktÞÞ  Gkþ1  GkD-k ðsinð-kþ1tÞ  sinð-ktÞÞ
 
; for t > 0;
ð34Þ
where,F k ¼ Re½f 1  ¼ Re½f ðaþ i-kÞ; F kþ1 ¼ Re½f 2  ¼ Re½f ðaþ i-kþ1Þ; ð35Þ
Gk ¼ Im½f 1  ¼ Im½f ðaþ i-kÞ; Gkþ1 ¼ Im½f 2  ¼ Im½f ðaþ i-kþ1Þ: ð36ÞIn succession, we will apply the formulas (33) and (34) to inverse the expressions ofW* andH* into the time
domain. It is found that good results can be obtained if it is taken as a = max[Re(si)] + 5/Tin, where si
(i = 1,2, . . .) express all singular points of f*(s). The same value of a is also used in Durbin and Zhao’s methods.
3.4. Examples
In order to validate the accuracy of the present inversion, the function f*(p) = 1/(p  3) is inversed by both
Eq. (38) and the Durbin’s method. The exact expression of the inversion is f(t) = exp(3t). The results are
shown in Table 1. The results of Zhao’s paper are also shown. It is shown that the present inversion agrees
well with exact ones. However, the inversion by using the Durbin’s method diverges with increasing t.
4. Solution of the control equations
Eq. (14) is solved by applying the Laplace transform in this section.
The initial conditions are
Table 1
Inversions of the function f*(p) = 1/(p  3)
t Present inversion Durbin’s method Zhao’s method Exact value
0.4 3.32011 3.37964 3.32303 3.32012
0.8 11.02317 11.22347 11.02414 11.02318
1.2 36.59800 37.26702 36.57620 36.59823
1.6 121.50937 123.74642 121.34950 121.51042
2.0 403.42255 410.95599 403.45759 403.42879
2.4 1339.40292 1365.18590 1340.13471 1339.43076
2.8 4446.93564 4538.50014 4448.95332 4447.06675
3.2 14,764.22691 15,119.63179 14,762.71065 14,764.78157
3.6 49,018.43423 50,814.33716 48,993.56258 49,020.80114
4.0 162,745.18227 4,606,743.89267 162,675.32300 162,754.79142
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oW
os
j
s¼0
¼ 0;
Hjs¼0 ¼ 0;
oH
os
j
s¼0
¼ 0:
ð37ÞWhen the two ends of the micro-beams are clamped and held at a constant temperature, the boundary con-
ditions are given byW jn¼0 ¼ W jn¼1 ¼ 0;
oW
on
jn¼0 ¼
oW
on
jn¼1 ¼ 0;
Hjn¼0 ¼ Hjn¼1 ¼ 0:
ð38ÞTaking the Laplace transform of Eqs. (14) and (37) with respect to the s variable, the following equations
are obtained:o4W 
on4
þ B1W  þ o
2H
on2
¼ 0 ð39aÞando2H
on2
 B2H þ B3 o
2W 
on2
þ B4 ¼ 0; ð39bÞwhere, W*(=L[W]) and H*(=L[H]) are the transformations of W and H, respectively. The coeﬃcients in the
above equations areB1 ¼ A1s2; B2 ¼ A2 þ A3sþ A5s2; B3 ¼ A4sþ A6s2; B4 ¼ A7 s0sþ A9 þ
A8
ðsþ A9Þ2
 !
: ð40ÞIn the Laplace transformation domain, the boundary conditions Eq. (38) can be written asW jn¼0 ¼ W jn¼1 ¼ 0;
oW 
on
jn¼0 ¼
oW 
on
jn¼1 ¼ 0;
Hjn¼0 ¼ Hjn¼1 ¼ 0:
ð41ÞElimination of H*00(n) from Eqs. (39a) and (39b) results inH ¼  1
B2
o4W 
on4
þ B1W   B3 o
2W 
on2
 B4
 
: ð42Þ
2002 Y. Sun et al. / International Journal of Solids and Structures 45 (2008) 1993–2013Substituting Eq. (42) into Eq. (39b) gives the following diﬀerential equation for W*:o6W 
on6
þ a o
4W 
on4
þ b o
2W 
on2
þ cW  ¼ 0; ð43Þwhere,a ¼ ðB2 þ B3Þ; b ¼ B1; c ¼ B1B2: ð44Þ
The characteristic equation of Eq. (43) is a six-order equation:k6 þ ak4 þ bk2 þ c ¼ 0: ð45Þ
If we let k2 = yc, the characteristic equation becomes a cubic equation, as shown belowy3c þ ay2c þ byc þ c ¼ 0: ð46Þ
We solve this equation by Carden’s method (Bronshtein and Semendyayev, 1964; Usuki and Maki, 2003).
First, lettingyc ¼ y  a=3; ð47Þ
Eq. (46) is converted into a form with missing squares terms:y3 þ 3py þ q ¼ 0; ð48Þ
where,p ¼ 1
3
b  a
2
3
 
; q ¼ c  1
3
ab þ 2
27
a3: ð49ÞThen, the three roots of Eq. (48) are given asy ¼ A B; Ag Bg2; Ag2  Bg; ð50Þ
where,A ¼ 1
2
q þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q2 þ 4p3
p
  1=3
; B ¼ 1
2
q 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q2 þ 4p3
p
  1=3
; ð51Þwhere g is a complex number, namely, g ¼ 1
2
1þ i ﬃﬃﬃ3p .
According to Eq. (47), the three roots of Eq. (46) are given asyc ¼ A B
a
3
; Ag Bg2  a

3
; Ag2  Bg a

3
: ð52ÞThus, the square root of Eq. (45) is expressed as follows:k21 ¼ Ag Bg2  a

3
k22 ¼ Ag2  Bg a

3
k23 ¼ A B a

3
8>><
>: : ð53ÞThen we can express the general solutions of Eqs. (39a) and (39b) by the linear combination of the funda-
mental solutions. That isW ðn; sÞ ¼
X3
j¼1
ðCjekjn þ Cjþ3ekjnÞ ð54aÞandHðn; sÞ ¼  1
B2
m
3
j¼1
MjðCjekjn þ Cjþ3ekjnÞ  B4
 
; ð54bÞwhere,
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Substituting Eqs. (54a) and (54b) into the boundary conditions Eq. (41) givesC1 þ C2 þ C3 þ C4 þ C5 þ C6 ¼ 0
C1ek1 þ C2ek2 þ C3ek3 þ C4ek1 þ C5ek2 þ C6ek3 ¼ 0
C1k1  C2k2  C3k3 þ C4k1 þ C5k2 þ C6k3 ¼ 0
C1k1ek1  C2k2ek2  C3k3ek3 þ C4k1ek1 þ C5k2ek2 þ C6k3ek3 ¼ 0
M1C1 þM2C2 þM3C3 þM1C4 þM2C5 þM3C6  B4 ¼ 0
M1C1ek1 þM2C2ek2 þM3C3ek3 þM1C4ek1 þM2C5ek2 þM3C6ek3  B4 ¼ 0
8>>>><
>>>>:
: ð56ÞEq. (56) can be expressed with matrixes as½K½C ¼ ½D; ð57Þ
where,½K ¼
1 1 1 1 1 1
ek1 ek2 ek3 ek1 ek2 ek3
k1 k2 k3 k1 k2 k3
k1ek1 k2ek2 k3ek3 k1ek1 k2ek2 k3ek3
M1 M2 M3 M1 M2 M3
M1ek1 M2ek2 M3ek3 M1ek1 M2ek2 M3ek3
2
666666664
3
777777775
; ð58Þ
½C ¼ ½C1 C2 C3 C4 C5 C6  ð59Þ
and½D ¼ ½ 0 0 0 0 B4 B4 : ð60Þ
The coeﬃcients Cj and Cj+3, j = 1, 2, 3 can be obtained by solving Eq. (57).
5. Calculation results and discussions
In order to get the time history of the deﬂection and thermal moment of the beam, we need to make the
inversion of Laplace transform of the expressions of W* and H*.
In the present work, the thermoelastic coupling eﬀect is analyzed by considering a beam made of silicon. The
material parameters are given as E = 169 GPa, q = 2330 kg/m3, cv = 713 J/(kg K), aT = 2.59 · 106 K1,
m = 0.22 and j = 156W/(m K) (Duwel et al., 2003; Gysin et al., 2004). The reference temperature of the
micro-beam is T0 = 293 K. The aspect ratios of the beam are ﬁxed as L/h = 10 and b/h = 0.5. When h is varied,
L and b change accordingly with h. The time duration and the energy intensity of the laser pulse are tp = 2 ps and
L0 = 1 · 1011 J/m2.
Generally speaking, the value of Ra depends on the material of the resonator and the wavelength (Bao and
Jiang, 1998). For a resonator made of silicon, Ra is about 0.17 without coating (Palik, 1985). With an energy
absorbing coating, Ra can be larger than 0.99 (Lang et al., 1992). Without loss of generality, we take Ra = 0.5
in the following studies.
For the laser pulse, a depends on the frequency of the laser, the electric conductivity and permeability of the
beam material, and its value is diﬃcult to determine (Tang and Araki, 1996). In this paper, diﬀerent values of a
is adopted, which gives diﬀerent absorptive depths of heating energy. And the inﬂuence of a is analyzed.
5.1. Comparison between Laplace transform results and numerical results with FEMLAB software
The validation of the general algorithm was obtained through comparison with numerical results obtained
by the FEMLAB (COMSOL, 2005) software package. The FEMLAB software is designed to simulate
2004 Y. Sun et al. / International Journal of Solids and Structures 45 (2008) 1993–2013coupled linear or non-linear systems and time-dependent partial diﬀerential equations (PDEs) in one-, two- or
three- dimensions. The program can be used to simulate systems of coupled PDEs in the areas of heat transfer,
electromagnetism, structural mechanics and ﬂuid dynamics. FEMLAB allows the user an ability to solve
PDEs with accuracy similar to other methods.
The coeﬃcient form of the PDEs and boundary conditions is deﬁned asda
o2u
ot2
þr  ðcru auþ cÞ þ auþ b  ru ¼ f ; in X; ð61Þ
n  ðcruþ au cÞ þ qu ¼ g  k; on oX; ð62Þ
hu ¼ r; on oX; ð63Þwhere u is the solution. The coeﬃcients da,c,a,b, c,a,f,g,q and r are scalars, vectors, matrices or tensors. Their
components can be functions of space, time, the solution u or its gradient. X is the observed domain, oX the
boundary of the domain, n the outward unit normal, and k an unknown vector-valued function called the
Lagrance multiplier. This multiplier is only calculated in scenarios where mixed boundary conditions exist.
To solve Eq. (14), we apply 1D analysis module. First, the following solution components are deﬁnedu1 ¼ W ; u2 ¼ o
2W
on2
; u3 ¼ H: ð64ÞThen, Eq. (14) is transformed too2u1
ox2  u2 ¼ 0
o2u2
ox2 þ o
2u3
ox2 þ A1 o
2u1
ot2 ¼ 0
o2u3
ox2 þ A6 o
2u2
ot2  A5 o
2u3
ot2  A2u3 ¼ A3 ou3ot  A4 ou2ot  A7ð1þ A8sÞ expðA9sÞ
8><
>: : ð65ÞThe Neumann boundary condition is used for a beam with both ends clamped and isothermal.
Eq. (14) has been solved using Laplace transform method and FEMLAB software. The two methods are
used to obtain the midpoint displacement as functions of n. Fig. 3 compares the solutions for two diﬀerent
times, namely s = 0.4 and 2.0. The lines in Fig. 3 show the FEMLAB solutions and the scattered points show
the solutions using Laplace transform method.
It is seen fromFig. 3 that the error between the twomethods is small. In addition, the deﬂection is axisymmet-
ric according to z-axis. This is because the boundary conditions of the beam are axisymmetric and the laser pulseFig. 3. Comparison of Laplace transform method and FEMLAB software.
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transform.
5.2. Midspan deﬂection and thermal moment for a beam with thickness of h = 10 lm
Fig. 4 shows the time evolution of the midspan thermal moment of the beam with thickness of h = 10 lm in
the dimensionless time range of s = 0–120. The inset plot shows the thermal moment in the time range of
s = 70–200. The curve shows that the thermal moment reaches its peak value at the beginning and then weak-
ens to near zero quickly.
From a physical standpoint, when the upper surface of a beam is irradiated by a laser pulse, the heat ﬂux
passes each inﬁnitesimal element perpendicular to the z axis sequentially. According to the energy conserva-
tion law, one portion of the heat ﬂux is absorbed by the element and makes an increase in its intrinsic energy,
which is embodied as the step increase of the temperature. The other portion of the heat ﬂux continues to
propagate due to the temperature gradient, in the form of heat conduction. So the amplitude of thermal dis-
turbance decreases as the heat ﬂux is absorbed continually during the propagation process. From the stand-
point of mathematics, the non-Fourier thermal conduction equation is a damped wave equation, with the
coeﬃcient of oh/ot representing the amount of the damping. This is the diﬀerence between the Fourier and
non-Fourier heat conduction.
A dimensionless time history of the midspan deﬂection for h = 10 lm is shown in Fig. 5. The time range is
s = 0–200. The inset plot shows the deﬂection in the time range of s = 70–200. It can be found that the vibra-
tion of the deﬂection contains both the low frequency components and high frequency components. At the
beginning, the vibration amplitude quickly rises to its maximum value, which is called the peak deﬂection.
Then the amplitude damped quickly to near zero. After that, the vibration weakens slowly.
When short-pulsed laser irradiates the surface of the beam, the temperature rise velocity becomes very fast
because of the high energy intensity in a very short time, causing the temperature gradient to increase dramat-
ically. As a result, the deﬂection increases quickly and the peak deﬂection occurs. As time passes, the temper-
ature rise velocity and the temperature gradient decrease, so the deﬂection weakens to a comparatively small
value. Thus, it can be seen that the thermodynamics is a short-time and thin-layer eﬀect. It impacts every point
in a very short time, so it is harmful. In the time range of s = 70–200, the beam vibrates periodically with the
amplitude weakens. This is the inﬂuence of the thermoelastic damping, and the mechanical energy is
dissipated.Fig. 4. Time evolution of the midpoint thermal moment (h = 10 lm, s = 0–120). Inset plot: thermal moment in the time range of
s = 70–200.
Fig. 5. Dimensionless time history of midspan deﬂection (s = 0–200). Inset plot: deﬂection in the time range of s = 70–200.
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The fast Fourier transformation (FFT) is applied to analyze the frequency of the dynamic response. The
frequency spectra for diﬀerent thicknesses are given in Fig. 6. According to the frequency spectrum analysis
theory, the damped vibration contains continuous frequency components, and the proﬁle of the frequency
spectrum tapers as the damping coeﬃcient decreases. For the thermoelastic coupling problem, the internal
thermal friction decreases with the increasing beam thickness. As a result, the proﬁle of the frequency spec-
trum tapers, as shown in Fig. 6.
It is also shown in Fig. 6 that the vibration contains high frequency component, and that the high frequency
component becomes more important as the beam size decreases. The calculation results show that the max-
imum dimensionless frequency for the beam with thickness of h = 10 lm is 2.304, which corresponds to the
frequency of 196.2 MHz. The high frequency vibration of micro-beam resonators is widely used in optical dif-Fig. 6. Frequency spectra of deﬂection for diﬀerent thicknesses.
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separate the high frequency component from the vibration.
Fig. 7 compares the peak deﬂections for beams with diﬀerent thicknesses. It is shown that the peak deﬂec-
tion increases as the beam size decreases. For the same time duration and energy absorption depth, the laser
evolves the same amount of energy. However, the intensity of this absorbed energy per unit beam length
increases as the beam size decreases. As a result, each speciﬁed location receives more amount of energy as
the beam size decreases. This in turn leads to an increase in the local temperature gradient within the beam,
which induces an increase in the amount of the deﬂection.
5.4. Comparison of the inﬂuence of diﬀerent energy absorption depth
The parameter a[=d/h] is related to the energy absorption depth. Fig. 8 shows the peak deﬂection and max-
imum thermal moment for various values of a. The beam thickness is h = 10 lm. It is shown that both the
peak deﬂection and maximum thermal moment decrease as a increases. This is because an increase of a will
decrease the energy concentration in the beam. In addition, the deeper the absorption depth is, the more
quickly the temperature distribution in the beam approaches uniformity.
Fig. 9(a) shows the envelope curves of the midspan deﬂection for various values of a during a dimensionless
time range of s = 80–200. The beam thickness is h = 10 lm. The values of a are taken as a = 0.01, a = 0.1 and
a = 0.2. The non-Fourier eﬀect can be clearly seen. It can be seen in Fig. 9(a) that the amplitudes of the three
curves all damped. But it is important to note that by varying the values of a, the diﬀerences among the three
curves almost remain the same. This implies that the laser pulse can only aﬀect the value of the peak deﬂection,
rather it does not aﬀect the thermoelastic damping eﬀect. To verify this implication, the frequency shift ratio
curve with the abscissa a is plotted in Fig. 9(b), which is nearly horizontal. This means that the thermoelastic
damping is an intrinsic mechanism and it is not aﬀected by the outside stimulation.
The natural frequencies for beams considering the thermoelastic damping eﬀect are calculated by using the
complex cepstrum analysis (Brooks and Nikias, 1993) to the deﬂection vibration curves.
Complex cepstrum can be used for the separation of two signals convolved with each other. It is useful in
analyzing sound tones, earthquake signals and so on. For a given time signal x(t), if we denote its Fourier
transform as X(f), then the complex cepstrum of x(t) is deﬁned as follows:KðsÞ ¼ F 1½Lðf Þ; ð66Þ
where L(f) is the complex logarithm of X(f).Fig. 7. Peak deﬂections for beams with diﬀerent thicknesses.
Fig. 8. Peak deﬂection and maximum thermal moment for various values of a.
Fig. 9. Inﬂuences of a on the thermoelastic damping process: (a) Envelope curves of the midspan deﬂection for various values of a (s = 80–
200); (b) Frequency shift ratio for various values of a.
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In order to analyze the inﬂuence of diﬀerent boundary conditions on the vibration of the beam, we also
obtain the solutions for the beam with both ends simply supported and the cantilever beam. The thermal con-
ditions of the two ends are isothermal for all cases.
When the two ends of the beam are simply supported and isothermal, the boundary conditions areTable
Compa
Bound
Peak d
CorresW jn¼0 ¼ W jn¼1 ¼ 0;
o2W
on2
jn¼0 ¼ o
2W
on2
jn¼1 ¼ 0;
Hjn¼0 ¼ Hjn¼1 ¼ 0:
ð67ÞSubstitution of Eqs. (54a) and (54b) into Eq. (67) yields a matrix in the same form of Eq. (57), where [C]
and [D] are deﬁned in Eqs. (59) and (60), respectively, while [K] becomes½K ¼
1 1 1 1 1 1
ek1 ek2 ek3 ek1 ek2 ek3
k21 k
2
2 k
2
3 k
2
1 k
2
2 k
2
3
k21e
k1 k22e
k2 k23e
k3 k21e
k1 k22e
k2 k23e
k3
M1 M2 M3 M1 M2 M3
M1ek1 M2ek2 M3ek3 M1ek1 M2ek2 M3ek3
2
666666664
3
777777775
: ð68ÞFor a cantilever beam, the boundary conditions areW jn¼0 ¼ 0;
oW
on
jn¼0 ¼ 0;
o2W
on2
jn¼1 ¼ 0;
o3W
on3
jn¼1 ¼ 0;
Hjn¼0 ¼ 0;Hjn¼1 ¼ 0:
ð69ÞSubstitution of Eqs. (54a) and (54b) into Eq. (69) yields a matrix in the same form of Eq. (57), where [C]
and [D] are deﬁned in Eqs. (59) and (60), respectively, while [K] becomes½K ¼
1 1 1 1 1 1
k21e
k1 k22e
k2 k23e
k3 k21e
k1 k22e
k2 k23e
k3
k1 k2 k3 k1 k2 k3
k31ek1 k32ek2 k33ek3 k31ek1 k32ek2 k33ek3
M1 M2 M3 M1 M2 M3
M1ek1 M2ek2 M3ek3 M1ek1 M2ek2 M3ek3
2
666666664
3
777777775
: ð70ÞTable 2 compares the peak deﬂection and its corresponding time for the three cases. It is shown that the
clamped beam reaches the peak deﬂection fastest, and its peak deﬂection is the smallest. However, the peak
deﬂection and its corresponding time is the largest for a cantilever beam. This is because the clamped beam is
restricted the strongest, with both deﬂection and rotation restricted at the ends. So it interacts with the sur-
roundings the most, which leads to the fastest energy dissipation.2
rison of the inﬂuence of diﬀerent boundary conditions on the deﬂection
ary condition Clamed Simply supported Cantilever
eﬂection, Wmax 17.0474 742.953 1222.045
ponding time, s 10.88 29.08 32.12
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Zhang et al. (2003) analyzed the air damping eﬀect on the damping ratio and resonant frequency shift ratio
of beams with both ends clamped. Their analytical results show that air damping generally shifts the resonant
frequency downward and that this eﬀect increases as the dimension of the beam decreases. The damping ratio
f1 obtained by them isFig. 10
thermof1 ¼
!lL2
h2bq2
ﬃﬃﬃﬃﬃﬃ
3
Eq
s
: ð71ÞThe shift ratio of the resonant frequency Dx was given by them as follows:Dx ¼ x x0
x0

 ¼ 1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 2f21
q
; ð72Þa
b
. Comparison between the eﬀect of thermoelastic damping and air damping on the resonant frequency shift ratio: (a) eﬀect of
elastic damping on the resonant frequency shift ratio; (b) eﬀect of air damping on the resonant frequency shift ratio.
Fig. 11. Comparison between the eﬀects of thermoelastic damping and air damping on the damping ratio.
Y. Sun et al. / International Journal of Solids and Structures 45 (2008) 1993–2013 2011where q = 4.73, x0 is the frequency without considering any damping eﬀect,  the constant related to Rey-
nolds number, and l the dynamic viscosity of the air.
Zhang et al. (2003) gave the parameters as  = 10 and l = 1.81 · 105Pa s.
Fig. 10 compares the inﬂuences of thermoelastic damping and air damping on the resonant frequency shift
ratio. Fig. 11 compares these inﬂuences on the damping ratio with the change of thickness of the beam. It is
shown that the eﬀects of thermoelastic damping and air damping generally change the resonant frequency and
that this eﬀect increases as the beam thickness decreases. Also, the damping ratios induced by thermoelastic
damping and air damping both increase as the beam thickness decreases.
The ﬁgures indicate that the eﬀect of thermoelastic damping is more signiﬁcant than the eﬀect of air damp-
ing for micro-beam resonators at room temperature. The eﬀect of air damping is aﬀected by the changes of
environment. For example, it can be minimized under ultrahigh-vacuum (UHV) conditions. However, ther-
moelastic damping is an intrinsic dissipation mechanism and will not be aﬀected by changes of environment.
Therefore, it is more important to study the eﬀect of thermoelastic damping on the mechanical behavior of
MEMS.7. Conclusions
This paper has investigated the vibration characteristics of deﬂection and thermal moment of an Euler–Ber-
noulli beam induced by a non-Gaussian form laser pulse. We do not expect our results to strictly hold for the
rapid vibrations of slim beams where torsional eﬀects might manifest themselves, and where the eﬀect of rota-
tory inertia might be important.
An analytical–numerical technique based on the Laplace transformation has been used to calculate the
vibration of the deﬂection and thermal moment. A general algorithm of the inverse Laplace transform has
been developed. As a result, we can choose proper interpolating functions according to the demanded preci-
sion and get proper inversion formulation.
It is important to note that the beam reaches a quasi-steady vibration quickly after the peak deﬂection,
which clearly shows the non-Fourier eﬀect. Moreover, it is found that the peak deﬂection decreases as the
energy absorption depth increases. However, the laser pulse does not aﬀect the thermoelastic damping eﬀect,
which demonstrates that the thermoelastic damping is an intrinsic mechanism and it is not aﬀected by the out-
side stimulation.
The results indicated that the laser-induced vibration is scale-dependent with thermoelastic coupling being
considered. As the beam thickness decreases, the proﬁle of the frequency spectrum tapers, and the peak deﬂec-
2012 Y. Sun et al. / International Journal of Solids and Structures 45 (2008) 1993–2013tion increases. It is also shown that the vibration contains high frequency component, and that the high fre-
quency component becomes more important as the beam size decreases.
In addition, the vibration characteristic is also aﬀected by the supporting and heat transfer conditions at the
two ends of the micro-beam. The calculated results show that the clamped beam reaches the peak deﬂection
earliest, and its peak deﬂection is the smallest.
Comparing to air damping, the results demonstrate that the eﬀect of thermoelastic damping is larger for
micro-beam resonators at room temperature. Since thermoelastic damping is an intrinsic dissipation mecha-
nism and will not be aﬀected by the changes of environment, it is more important to study the eﬀect of ther-
moelastic damping on the mechanical behavior of MEMS.
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